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PRfcFCE 



This technical report is based on the doctoral dissertation of Barbara L. Boe. 
Members of the examining committee were Henry Van Engen, Chairman; Milton 
Beckman; Chester W. Harris; Herbert J. Klausmeier; and Milton O. Pella. 

The R & D Center for Learning and Re-education has as its primary goal the 
improvement of cognitive learning in children and adults, commensurate with 
good personality development. Through synthesizing present knowledge and 
conducting research to generate new knowledge, we are extending the under- 
standing of human learning and the variables associated with efficiency of school 
learning. Knowledge is being focused upon the three main problem areas of the 
Center; developing exemplary instructional systems, refining the science of 
human behavior and learning as well as the technology of instruction, and in- 
venting new models for school experimentation, development activities, and so 
on. 

In the development of the instructional system in mathematics at the R & D 
Center, research on mathematics learning is conducted and its findings incor- 
porated into instructional procedures and materials. Mrs. Boe reports a study 
that was dev*sed to ascertain more clearly students' ability to section solids. 
None of the students participating in the study demonstrated the ability to draw 
and identify with consistent accuracy sections hypothetically cut into solid fig- 
ures. Differences between students in Grades 8, 10, and 12 were insignificant 
and, therefore, assumed to be chance occurrer res. Relationships to the work 
of Piaget and Inhalder on which this study is based are discussed by Mrs. Boe. 
She also draws implications for curricular content in the area of industrial arts 
as well as in her field of mathematics. 



> 



Herbert J. Klausmeier 
Co-Diractor for Research 



:J . | 



!\ ■ > 






,..„i^. -y ^.,- | v.-^..- rrit .- t| . [||j|||fr 






PRECEDING PAGE BLANK- NOT FILTCffp 



-I 



CONTENTS 



List of Tables and Figure 
Abstract 

I. Background to the Problem 

Introduction 
Related Research 
Lovell 
Ri voire 
Dodwell 

II. The Problem 

Definitions , 

Piaget's Representation Theory 
Representational Space 
Imagery 

Sectioning Solids 
The Sectioning Task 
Purpose 

III. Design of the Study 

The Sample 
The Tests 

Adminlsterl' .g the Tests 
the Data 
The Statistics 
The Design 
Analysis of Data 

IV. Analysis of the Data 

Results of Analysis of Variance on Correct Response 
Scores for Test II 

Results of the Analysis of Variance on the Appropriate Response 
Scores for Test I 

Results of Pearson Product-Moment Correlation Coefficient 
Summary 

V. Conclusions and Implications 

Conclusions 

Implications for Education 
. • References 



paga 

vii 

ix 

1 

1 

3 

3 

3 

3 



5 

5 

6 

7 

8 
9 
9 

11 

11 

11 

13 

13 

14 
14 

14 

15 
15 

19 

27 

27 

29 

29 

30 

32 




-JLJJH 



If- 



-jMWWMafcattWM NWM H i m • ■ iMiliirmin «hM»-i«i IiM... ■....■.i-ww....... ...■ ■- . .... -- r 



iERlC 






PRECEDING PAGE BLANK- NOI FILMED 



LIST OF TABLES ANO FIGURE 



Table 



1 

2 

3 

4 

5 

6 
7 



8 

9 

10 



11 



12 

13 

14 



15 



16 

17 



18 

19 

20 
21 
22 



page 



Schools from which the Sample was Selected u 

A Schematic Representation of the Design of the Study 14 

Analysis of Variance of Response Scores for Test II 15 

Mean Correct Response Scores Test II, Ability Level and Grade Level 16 



Mean Correct Response Scores Test II, Sex and Ability 

Mean Correct Response Scores Test II, Sex and Grade 

Mean Correct Response Score.s for Test II for the Four Solid 
Figures, Three Ability Levels 

Mean Correct Response Scores on Test II for the Type of Cut, Sex 

Mean Correct Response Scores on Test II Figures, Cuts 

Mean Correct Response Scores on Test II 

Three Ability Levels, Three Grade Levels, Four Solid Figures 

Mean Correct Response Scores on Test II 

Three Ability Levels, Four Solid Figures, Four Types of Cuts 

Analysis of Variance of the Scores for Test I 

Mean Correct Response Scores for Test I, Sex, Ability Level 



16 

16 



17 

17 

18 



18 



18 

19 

20 



Mean Scores for Appropriate Drawing Responses, 
Solid Figures by Type of Cut 



20 



Mean Scores for Appropriate Drawing Responses, 

Ability Level by Solid Figures 

Mean Scores for Appropriate Drawing Responses, Sex, Type of Cut 

Mean Scores for Appropriate Drawing Responses, 

Ability Level, Type of Cut 

Mean Scores for Appropriate Drawing Responses, Grade Level, 
Type of Cut 

Mean Scores for Appropriate Drawing Responses, 

Sex, Solid Figures, Type of Cut 

Mean Scores for Appropriate Drawing Responses, Ability Level, 
Solid Figures, Type of Cut 

Mean Scores for Appropriate Drawing Responses, Grade Level, 
Solid Figure, Type of Cut 

Mean Scores for Appropriate Drawing Responses, 

Sex, Ability Level, Grade Level, Type of Cut 



20 

20 



22 



22 



22 



23 



23 



24 



i \ 






Sx'i 



vii 



m 



F* ' — 



prr^" 1 ■ 1111 






V' -V 



:fe S'!'-' ,v 



■ - - •.. 










List of Tables and Figure (continued) 

Table page 

23 Mean Scores for Appropriate Drawing Responses, Sex, 

Ability Level, Solid Figure, Type of Cut 25 

24 Mean Scores for Appropriate Drawing Responses, Sex, 

Ability Level, Grade Level, Solid Figures, Type of Cut 26 



Figure 

1 Representation of the Test 12 










n 





ABSTRACT 



The seventy-two subjects in this study were randomly selected from five sec- 
ondary schools in a large Midwest city and assigned to one of eighteen groups. 
The random selection was based upon the total population of each of Grades 8, 

10, and 12 within the designated secondary schools. Two tests, differing only 
in their method of response, were designed for this study. Each test consisted 
of sixteen geometric sections that resulted from a hypothetical cut performed upon 
a solid figure. Test I, which was always given first, required the subject to draw 
his representation of the shape of the section, while Test II required the subject 
to select a pre-drawn representation of the boundary of the section. The choices 
for the response items for Test II were selected from the drawing responses of 
children in two previous pilot studies and from the comments recorded in Chapter 
9 of The Child's Conception of Space (Piaget & Inhelder, 1963). A sixth choice 
was allowed, "None of these. " 

The subjects were tested individually. The order in which the problems ap- 
peared in each subject's tests was determined by a table of random numbers. No 
two subjects were presented with the same sequence of tasks, nor was any sub- 
ject presented with the same sequence of tasks for both tests. The data recorded 
for each subject was his response to each section. Prior to the administration 
of the tests his response sheets were coded for sex, grade, ability level, and 
sequence of tasks. 

With respect to the subjects a 2 X 3 2 factorial design constituting eighteen 
groups was used. Sex, three grade levels, and three ability levels made up the 
dimension for this design. The sixteen repeated measures constitute a 4 X 4 de- 
sign given by four types of cuts and four solid figures. 

The analysis of variance on the correct multiple-choice response scores, Test 

11, indicated five sources of variation significant at or beyond the . 05 level. 
Three of these were main effects: (a) ability level, (b) solid figures, and (c) 
type of cut. The mean for the above average ability level was higher than the 
mean for the below average ability level. The mean for the sections performed 
on one nappe of the right circular cone was the lowest, with the rectangular 
prism next in difficulty followed by the right circular cylinder and cube. The 
oblique cut was the most difficult; the transverse cut was next ir. difficulty; the 
parallel and the longitudinal cuts were of equal difficulty. The other sources of 
variation were the interactions: (a) solid figure and type of cut, (b) ability level 
and solid figure. The analysis of variance on the appropriately drawnresponse 
scores for Test I showed the same five sources of variation significant at or be- 
yond the . 05 level. The order of difficulty of the solids was, from most difficult to 
easiest: one nappe of a right circular cone, right circular cylinder, rectangular prism, 
and cube. One significant main effect in addition to those mentioned was sex. 
The mean for the boys was higher than the mean for the girls. A Pearson product- 
moment correlation coefficient appeared to indicate that the two methods of re- 
sponse measure attributes other than just the subject's ability to appropriately 
respond to the sectioning tasks. 
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BACKGROUND TO THE PROBLEM 



INTRODUCTION 

Piaget and Inhelder (1963) contend that chil- 
dren do not have the same concept of the spatial 
world about them as do adults. Adults are more 
cognizant of the euclidean properties of size 
and distance while tne child is more conscious 
of the continuity or separateness of an object. 
Until a childreaches a certain stage in his de- 
velopment, he fails to recognize that everyone 
does not see a physical situation as he does; 
he is not aware that other points of view exist. 
He is unaware cf the projective relationships 
of space. Prior to the attainment of the euclid- 
ean concepts of Piaget and Inhelder's represen- 
tational space, the child becomes aware of 
movement. Movement is lacking in a topolog- 
ically orien«^d representational space. Meas- 
urement evolves from the idea of movement 
between objects and movement about an object. 
An awareness of movement is the precursor of 
euclidean concepts. The euclidean or geometric 
sections are a manifestation of this attainment 
level in the child's development of Piaget and 
Inhelder's (1963) representational space. Veb- 
len and Young (1910), Coxeter (1964), and 
Meserve (1955) support Piaget and Inhelder's 
hypothesis that euclidean concepts emerge from 
the projective relationships with the attainment 
of the tasks of the euclidean sections. 

Ptojective relationships do not consider 
parallel lines, angles, or distance. The con- 
necting links between conservation of a set of 
neighboring elements to the conservation of 
distance mark the transition from topological 
and projective representational spaces to the 
euclidean representational space. In the top- 
ological space, because of the lack of config- 
uration for a irame of reference, conservation 
of size and distance are inappropriate. In per- 
spective space the different viewpoints give 
rise to variations in the size of objects. After 
the child becomes aware of the different view- 
points, the development of surfaces and the 
final passage from projective to euclidean rep- 



resentational space occurs as a "series of 
transition stages. . .consisting of affinities 
and similarities [Piaget & Inhelder, 1963. p. 
301]." * 

Hence, according to . iaget and Inhelder, 
the child progresses in his understanding of 
representational space in the following order: 
topologic, projective, and euclidean. There 
is an intermingling of the projective and euclid- 
ean concepts as they evolve from the topologic, 
but the projective relationships appeal to pre- 
cede the euclidean concepts on actual attain- 
ment. The euclidean sections are important in 
the child's development of Piaget and Inhelder's 
representational space. It is within these tasks 
that the child encounters the problem of imag- 
ining a euclidean operation of sectioning a 
solid object and simultaneously imagining a 
projection of the solid object in order to men- 
tally observe the section. The euclidean sec- 
tion then is of twofold importance. First, the 
child's achievement in sectioning solid figures 
including the conic sections indicates the emer- 
gence of euclidean concepts, and, secondly, 
the achievement of sectioning the cone is a 
link in the establishment of a correspondence 
between the euclidean and projective opera- 
tions— -Piaget's geometry of objects and geome- 
try of viewpoints, respectively. The euclidean 
sections are therefore an "abstraction. . . based 
wholly upon the actions of the subject [Piaget 
& Inhelder, 1963, p. 270]." The child visually 
perceives a solid object, hears a verbal de- 
scription concerning the intersecting plane, 
and then imagines this operation, mentally ma- 
nipulating the solid, transforming it, and finally 
deciding the shape of the plane section. If a 
child can draw an appropriate boundary and se- 
lect the appropriate pre-drawn boundary for the 
euclidean sections including those of the right 
circular cone, according to Piaget's hypothesis, 
the child has employed an intellectual operation 
upon his image of a solid figure (Piaget, 1966). 
With respect to the problem being investigated, 
successful sectioning implies that a subject 
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